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Consider the linear equation
(%) —Au+Vu=f 1in Q,

where  is a domain (open connected set) in RY with N > 2 and V is a potential and
0< fe L. () is a nonnegative right hand side. We assume that V =V — V= and

Ve L (), Vel (Q).

loc loc

The natural quadratic form associated to the Schrodinger operator —A + V' is given by

ele)i= [ [VelPdot [Vitde (o€ HXQNLZ@),
Q Q
where the subscript ¢ denotes the compact support. We say that &y is non-negative if

Ev(p) 20,  Vpe H(Q)NLE(Q).
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We are going to study the relationship between the existence and some properties of positive
supersolutions to (x) and non-negativity of the quadratic form &,. Such a relationship is
commonly referred to as Agmon-Allegretto-Piepenbrink’s (AAP) Principle or “Ground
State transformation”. Our exposition is inspired and largely based on [4-7,15] but is
adapted with applications to semilinear equations in mind, as developed in [12-14].

1. THE AAP POSITIVITY PRINCIPLE

A weak supersolution to (x) is a function v € H. _(Q) N L}, (Q, Vdz) such that

(1.1) /Vu-Vgodx—ir/Vugpde/fgodx, VO <peHN(Q)NLE(NQ).
Q Q Q

The notions of a weak sub-solution and weak solution are defined similarly by replacing
“>7 with “<” and “=" respectively. Note that if v > 0 is a weak supersolution to (x)
with f > 0 then w > 0 in ©, in the sense that u™! € LlOC(Q) This follows from the weak
Harnack inequality which is ensured by the assumption V* € L° ().

In what follows we often omit the word weak and use simply solution, super and sub-
solution. We say that u is a solution to —A + V if u is a solution for (%) with f = 0.
Similarly for sub and supersolutions.

When V' > 0, the quadratic form &y is non-negative, and any positive constant is a
supersolution. Thus, the interesting case to consider is when V is negative or changes
sign. The fundamental relation between the existence of positive supersolutions to (*) and
non-negativity of the quadratic form &y is described in the following result, which was
originally proved by W. Allegretto [2] and J. Piepenbrink [3] in 1974, and later became the
foundation of S. Agmon’s Criticality Theory [4].

Theorem 1.1 (AAP Positivity Principle). Assume that (%) admits a weak positive (su-
per)solution u, > 0. Then

7()

U
Proof. Let 0 < ¢ € HY(Q) N LX(Q). Choose ¢ := Z—j as a test function for (%) and note
that

2
uidx+/ 2L g V0<pe HQ) N LX),
Q

U

(12) Ev(p)(2) = /

2 2
7 2¢ ¥ 0
(1.3) v(-) = “EVp— = Vu, € HI(Q) N LT(Q)

u* * *

Testing (*) against 1) we arrive at

/Vu*~ ( >d:c—|—/QVu*—da:—/Q
Z/Qui*sf

gIe

2
U, - Vo — %]Vu*F) d:c—l—/Vgozdx
U Q
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Direct computation yields

/Q (IVel* + V¢?) da — /Q

Vo|? Vu, Vu,|?
—/(\V@\2+Vg02)dx—/ <| uf’ —2p Vo uZ +g02| | )ufdx
Q Q

* *

2
:2/¢Vg0%da:—/QOdex—l—/Vgozdx(Z):/(fidx.
Q U Q U Q Q

* *

2
u?dx

This proves (1.2) on H!(Q) N L (). O

The following straightforward corollary of Theorem 1.1 is crucial in the analysis of nonex-
istence of positive solutions to semilinear equations.

Corollary 1.2 (Nonexistence principle). Assume there ezists o € C°(Q) such that Ey(p) <
0. Then —A 4+ V has no positive weak supersolutions in 2.

Remark 1.3. The computation in the proof of the AAP is often known as the Picone’s

identity:
2

vt v (5) vy () 2o

for any ¢,v € H. () such that ¢ >0, v > 0 in Q.

loc

Remark 1.4. It is simple to see that the "u,-ground state transformed” quadratic form

£ () = / V()]

is generated by the nonnegative selfadjoint operator
—A + 2V log(u.)V
in L2(Q, u? dzx).

Remark 1.5. (a) We do not assume any boundary conditions on the reference supersolu-
tion u, in Lemma 1.1. We also do not require any boundary regularity of u,. All we need
is that u. € H. () is a positive weak supersolution of —A + V. In many examples u, is
positive or even singular on parts of the boundary (Example 2.1), but u, also may be zero

on the boundary (Examples 2.4 and 2.6).

(b) We do not assume any boundary regularity of the potential V', which could be "very’
singular on 02 (Examples 2.1, 2.4).

(¢) Domain  need not be smooth (e.g. RY \ {0} in Example 2.1).
2. HARDY TYPE INEQUALITIES

In this section we will use the AAP positivity principle to prove several Hardy type
inequalities. We start with the hardy inequality in RY.
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Example 2.1 (Hardy inequality in RY). Consider

C
(2.1) —Au — ﬁu =0 in R\ {0},
where N > 3 and Cy := (N — 2)?/4. Clearly,
2-N
wa(fe) = ol

is a positive weak solution of (2.1). Hence, by Lemma 1.1 we obtain Hardy’s inequality
2
(2 [verzcon [ £ voecr@ o,
RN Ry ||

Remark 2.2. We had to remove the origin in (2.1) because |z|2 ¢ HL (RY) - the
singularity at the origin is too strong. To prove (2.1) in RY, first prove

2

(2.3) / IV|? > c/ P Ve C2RY).
RN N []?

for any ¢ € (0,Cy). To do this, use u, = |z|**+, where o is the biggest root of the scalar

equation —a(a+ N —2) = c. Since oy > =222 we have |z]*+ € H] (R") and the AAP

principle is valid. Since (2.3) is valid for any ¢ < Cp, it is also valid for ¢ = Cjy.

Exercise 2.3. Show that Cy = (NZQ)Q (N > 3) is the best constant in the Hardy inequality

(2.2) i.e. the inequality fails for any ¢ > Cp.

Hint. Take a family of trial functions ¢p = u.ng where u, = |z|*Z and ng(r) is a non-
negative Cl-cut-off function such that ng = 1 for r € [0,R], ng = 0 for r > 2R and
|n'(r)] < 2/R. Then use representation (1.2) to show that for any € > 0,

2 2
RN N |7]? N |7]?

Example 2.4 (Hardy inequality in R?). Consider

1/4
%u =0 in R*)\ B,(0).
|x|2<log %)

as R — oo.

(2.4) —Au —

where p > 0. Clearly,
|z

(o) = (10g )"
us(|z]) = ( log —>
p
is a positive weak solution of (2.4). Hence, by Lemma 1.1 we obtain a Hardy type inequality

R? 4 log %

1 2
Vo2 >t / Y Woe O\ B,0)).
% Jof? (log )
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Exercise 2.5 (Improved Hardy inequality). For N > 2 prove the following inequality

[ vep=ca [ “’%+1/ e CR®RY\B).
RN RN |9U| 4 Jge |575| (10g|x|)

Hint: Take u,(|z]) = |z|~ "= (log |z])"/2

Example 2.6 (Principal Dirichlet eigenvalue). Let Q C RY be a bounded domain, A\; > 0
be the principal Dirichlet eigenvalue of —A on 2 and u, := ¢; > 0 be the corresponding
principal eigenfunction. By Lemma 1.1 we obtain the inequality

(2.5) / Vol > A / 2 Yo e Q).
Q Q

Example 2.7 (Torsional Hardy inequality). Let Q C R be a bounded domain and 1q > 0
be a torsion function of €2, that is the unique solution of

—AY =1 1in Q, u=0 on 0f.

Then we obtain “torsional Hardy inequality”

2
/Q Vel? > / £ wecrm,

Now take ¢ = 1, the principal Dirichlet eigenvalue of €2 such that ||¢;||2 = 1. Then

2 2
¥1 H‘Pl”z 1
2.6 )\Z/V@PZ/—Z = .
(2:6) ! Q’ o Yalle  [[Yalls
Hence we deduce a lower bound
1
> —
ol > 5

Exercise 2.8. For R > 0 and By C RY, prove the inequality

2
¥ o0
/B Vol > QN/B [ Vo € C°(BR).

Exercise 2.9 (Barta’s inequality). Prove the following inequality

(2.7) "
e ¢ orueC= (@) ullZs

Hint: Similar to (2.6).
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3. THE ENERGY SPACE

3.1. The \—property and the energy space. Following [5], we say that & satisfies the
A\-property if there exists a function A € LL (Q) with A > 0 and A™! € L (Q) such that

loc loc
(3.1) Ev(u) > / Mz) u? de, Vue Cr(Q).
0

If &y satisfies the A-property, then the form &y is coercive and nondegenerate on C'°(€2).

Define
(u,v)y = 5(Ev(u+v) = Ev(u) = Ev(v),  ullv = VEv(w).
Then (C°(Q), (-, -)v) is a pre-Hilbert space. Let D{,(Q) denote its completion in the norm
| - |[v- The form &y extends uniquely and continuously to D{,(Q) by
Ey(u) = li_)rn Ev(uy),

for any sequence (u,) C C(2) converging to w in || - ||y; the limit is independent of the
chosen approximating sequence. Thus (D(2), (-, -)v/) is a Hilbert space, called the energy
space of £y, and &y is a closed, nonnegative quadratic form on it.

In view of (3.1),
el ae) = / ()P Ma) de < &y (u),

and hence every u € D{,(Q) can be identified (up to sets of A-measure zero) with an
actual function u € L2 (), defined as the limit of an approximating Cauchy sequence
(p,) C C°(9) in the complete Hilbert space L*(2, Adx). In particular, the embedding
D{(Q) < L*(Q, Adz) is continuous. In this way, we proved the following.

Theorem 3.1. The energy space Di,(Q) is a Hilbert space with the inner product

(u,v)y = / Vu-Vvdr + / Vuv dz
0 0
Moreover, D{,(Q) is continuously embedded into L*(Q, Adz).

Remark 3.2. Assume that the reference (ground state) function w, > 0 in (1.2), used
to define A = %, is locally Lipschitz in . Then D{,(Q) is continuously embedded into
HL (Q).

loc

Indeed, let Q' € Q. Following [10], we first observe that

/Q ‘V(%) ‘2uf dx = /Q (|Vgo\2 - QVQO'ui;VU* + g\VU*P) dx

> %/Q(W@\z — |Viog u.|* ¢*) da,
where we used the Cauchy—Schwarz inequality

¥ € 2 1 ? 2 1
Vo - —Vu, < =|V — = |Vu,l|*, = z.
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Using (1.2), we then obtain

1 2 1
—| Vol dr < / ‘V(ﬁ)‘ urde + = | |Viogu.|* o dx
2 Q Q U 2 Q

/

< Ele) + o | P*A)du < (14 i) Eule),
where cp > 0 depends only on ||[Vlogu,| o). Hence ||y < Colle|v for all
© € C(Q), and by density the embedding Di,(Q) — H. () follows.
Remark 3.3. If &, satisfies the A-—property in 2 and ' € Q is a bounded subdomain,
then the same inequality

Ey(u) > /, Az) u? du, ue Cx(Q),

holds in €, with A™' € L>®(€). Consequently, the norms |jully = & (u)/? and the
(

standard H}-norm are equivalent on C'°(£)'), and thus the completion Di,(£?’) coincides

with HZ ().

Denote by D;'(£2) the dual space of all linear continuous functionals on D3, (€2). The
following lemma is a standard consequence of the Riesz Representation Theorem.

Lemma 3.4. Assume that €y satisfies the \—property. Let | € Di;'(Q). Then there exists
a unique u, € D3,(Q) such that

(32) (us, 0) = U(p), Vg € Dy(Q).
Since DL(Q) C L%(2, A dx), by duality we conclude that L?(Q, A\~1dz) C D' (), in the
sense that if f € L*(, \~'dx) then

9= [ fedo € DY @)
Thus Lemma 3.4 implies that for any f € L?(2, \"'dx) the equation
(3.3) ~Au+Vu=f in Dy(Q)
has a unique solution u; € Di,().

Exercise 3.5 (The space H!(R")). Show that —A + 1 satisfies the A-property in RY and
that the corresponding energy space DI(RY) coincides with the standard Sobolev space
HY(RM).

Example 3.6 (The space D}(RY) for N > 3). Consider —A on RY with N > 3. Take
o\ —N=2
we(|z]) = (L4 [27) "=,
which is known as a Talenti function®. Then
—Aut = N(N =2)(1+ [z) "2

1Up to a rescaling, it is a minimizer of the Sobolev inequality
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and
~ —Au,(x)

Me) = =5 = NN = 2)(1+ Jaf) 2

Hence the space D} (RY), a completion of C2°(RY) with respect to the homogenous gradient
norm ||Vul| 2wy, is a well-defined Hilbert space and moreover,

Dy(RY) ¢ LA(RY, (1 + |2[*)2dx).
It is easy to see that D}(RY) ¢ L*(RY) and hence D}(RY) # H'(RY). To see this
when N = 3,4, check that ||Vu,|2@y) < 0o but u, & L*(RY) when N = 3,4. In fact,
DI(RY) ¢ L¥=2 (RN) — this follows from the Sobolev inequality.?
Example 3.7 (The space D'(R?) is not well-defined). According to the Liouville’s theo-
rem, every positive super solution on R? is constant. This means that the Laplacian —A
does not satisfy A-property on R2. Hence we can not apply Theorem 3.1 to construct the

energy space D}(R?). In fact, such a space is not well defined as the space of functions,
see [15] for details.

Example 3.8 (The space D'(R? \ B,) in R?). Consider —A on Q =R?\ B, for a p > 0.
Take
2]

(o) = (10 21"
u.(|z]) = ( log —) .
p
As in the Example 2.4, we conclude that —A in () satisfies the A—property with
1/4

o (log )"

Hence the space D}(R?\ B,), the completion of C2°(R?\ B,) with respect to the homogenous
gradient norm [|Vul| 22y is a well-defined Hilbert space.

AMz) =

Exercise 3.9. Use the improved Hardy Inequality 2.5 to show that for NV > 3 the critical
Hardy operator

Cu
|z]?

satisfies the A-property in RY \ By and define the energy space D' o, (RV\ B;). Then use

|2

Cyr = (252)?

2

the arguments in Exercise 2.3 to show that

up = |z|°2 € D' ¢, (RN \ By).

T zf?

Note that ug & H. (RN)!

2The space D§(RYN) from this example is also often denoted as D*(RY) or H'(RYN).
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3.2. Maximum and comparison principles. If & satisfies the A-property then —A+V
satisfies weak maximum and comparison principles. In order to prove that we need to know
that D{,(€) is invariant under the standard truncations.

Lemma 3.10. If u € D{,(Q) then u*,u~ € Di,(Q) and

(3.4) Ev(u®) < E(u), Vu € Dy, (9).

If u,v € D(Q) then uV v,u Av € D (Q).

Proof. See [14, Lemma A.1]. O
Remark 3.11. We do not claim that u € Di,(2) implies u A 1 € D}, (Q).

Exercise 3.12. Let (¢,) C C°(Q) be an approximating sequence for 0 < w € Di ().
Show that (o) C D{,(Q) is also an approximating sequence for w, in the sense that

Evlen) = Ev(w).
Hint. Show that (y,,) is a Cauchy sequence and hence Ey (¢, ) — 0.

Lemma 3.13. Assume that &y satisfies the \—property. Let w € H}

LAQ)NLYQ, Vdz) be
a super-solution to () such that w= € D, (Q). Then w >0 in (.

Proof. Let (¢,) C C°(Q) be an approximating sequence for w™ € D{,(Q). Set
wy =@ Aw”.
Hence 0 < w,, € D{,(Q), by Lemma 3.10. Note that w, = w™ — (¢} —w~)~. Therefore
Ev(w™ —wn) =Ev((py —w)7) < Evlpy —w ) = 0.

Thus (w,,) is a nonnegative approximating sequence for w~. Since 0 < w,, < w~ we have
wt A w, =0, and then we obtain

0 S <w7wn>\/ - _<w_awn>V — _EV(w_) S 0.
We conclude that w= = 0. O

The following comparison principle is a straightforward consequence of Lemma 3.13.

Corollary 3.14. Assume that Ey satisfies the A—property. Let w € H} ()N LY(Q, Vdz)
be a super-solution to (x) and v € H} () N LY (Q, Vdzx) be a sub-solution to (x) such that
(w—v)" € DL(Q). Then w > v in Q.

Remark 3.15. In particular, Lemmas 3.4 and 3.13 imply that if &y, satisfies the A-property
then equation (%) has a ‘“rich” cone of positive super-solutions. Indeed, if 0 < f €
L*(Q, A7 'dz) and uy € D{(Q2) is the solution to (3.3) constructed in Lemma 3.4 then
us > 0 in by Lemma 3.13 and hence u; is a weak positive supersolution for —A + V.
The situation is different if £y, is nonnegative but does not satisfy the A-property.

Example 3.16 (Liouville’s Theorem on the plane). Consider —A on R2. Obviously, in
this case the form & is nonnegative. Yet, according to the classical Liouville’s theorem the
only positive superharmonic for —A on R? is constant.
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Example 3.17 (Principal Dirichlet eigenvalue). Let Q C RY be a bounded domain, A\; > 0
be the principal Dirichlet eigenvalue of —A on Q as in Example 2.6. By (2.5), the form
&), is nonnegative. Yet, the the corresponding principal eigenfunction ¢; > 0 is (up to a
constant) the only positive supersolution to —A — A; in Q (see Corollary 1.2).

The above examples clarify the following classification:

o —A + V is subcritical if &, satisfies the A—property. In this case —A + V has a
“rich” cone of positive supersolutions (see Remark 3.15).

e —A + V is critical if &, is nonnegative but does not satisfy the A—property. In
this case —A + V has exactly one (up to a scalar) positive supersolution, which is
actually a solution (see [4, Theorem 5.2]).

o —A+V is supercritical if £y is not nonnegative. In this case —A+V has no positive
supersolutions (see Corollary 1.2).

Further study of —A+V from the point of view of this classification is known as criticality
theory, see [4,6,7]. In this lectures we are interested in one particular aspect only — we want
to characterise the “size” of the cone of positive super-solutions of subcritical operators in
terms of the admissible decay (or growth) of supersolutions “at infinity”.

4. A PHRACMEN-LINDELOF PRINCIPLE

In this section we assume that € is an exterior domain in RY such that RV \ B; C Q
and 009 # (. We also always assume that —A + V satisfies the A-property in €. Note
that then —A + V also satisfies the A\-property in any subdomain ' C €2, see Remark
3.3. We are going to study admissible decay at infinity, i.e. as |z| — oo, of all positive
supersolutions to —A + V in Q.

Definition 4.1. We say u > 0 is a small (sub)solution at infinity for —A 4+ V if u is a
(sub) solution for —A + V' in B, for some R > 1 and there exists a supersolution w, > 0
for —A + V in €, such that

(4.1) lim — = +o0.

We say U > 0 is a large (sub) solution at infinity for —A 4V in Q if U is (sub) solution for

—A+V in Bf, for some R > 1 and U is not a small (sub) solution, i.e. for any supersolution
w >0 for —A+V in €,

(4.2) lim inf — < +oco.

|z|—o00
Exercise 4.2. Prove that if v > 0 is a small and U > 0 a large solution at infinity for
—A+V in Q) then

U
(4.3) lim sup — = +o00.

|z|—o00 Uu
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Intuitively, a small solution at infinity is “smaller” than one of the supersolutions. Then
a large solution at infinity is not “smaller” than any of the supersolutions, i.e. in some
sense it dominates at infinity all positive supersolutions. * An essential observation is that
if a solution is smaller than one of the positive supersolutions in the sense of (4.1), then
up to a constant it is dominated by ewvery positive supersolution.

Lemma 4.3 (Small solution lemma). If u > 0 is a small solution at infinity for —A +V
in ) then for any supersolution w > 0 for —A +V in § there exists ¢ > 0 such that

(4.4) u(z) < cw(x) (lx] > 1).

Proof. Choose ¢ > 0 such that cu < w as |x| = 1. For small ¢ > 0 consider the barrier
functions
Ue 1= CU — EW.
In view of (4.1), there exists p. > 1 such that
u, <0 (|$| > ps)
and moreover, p. — 0o as € — 0.
Set Q. :={x € RV : 1 < |2] < p.}. Since w > 0, we conclude that

u, < w on Jf

and hence (w —u.)~ € H}(Q.), see Remark 3.3. By the comparison principle of Corollary
3.14 we conclude that

u, <w in ..
Then the assertion follows, since ¢ > 0 could be taken arbitrary small and taking into
account that p. — oo as ¢ — 0. U

Proposition 4.4 (Phragmén-Lindel6f principle for supersolutions). Let u > 0 be a small
and U > 0 a large solution at infinity for —A+V in Q. Then for any supersolution w > 0
for =A+V in Q:

. .. W .. W
liminf — > 0, liminf — < oo.

Proof. The first lim inf is simply the reformulation of (4.4), the second lim inf is the inver-
sion of (4.2). O

Lemma 4.5 (Large solution lemma). Assume that U > 0 satisfies
(4.5) —AU+VU =0 (Jz|>1) and U=0 (|z]=1).
Then U is a large solution for —A + V.

Proof. Assume that U is not a large solution for —A + V| i.e. U is a small solution. Then
there exists a supersolution w, > 0 for —A + V such that (4.1) holds.

For small € > 0 consider the barrier functions
U, . =U — ew,.

3Similarly7 we could define small and large subsolutions but we will omit this for simplicity.
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In view of (4.1), there exists p. > 1 such that
U:<0 (e = pe)
and moreover, p. — oo as € — 0.

Set Q. :={z € RV : 1 < |z| < p.} and choose a small £ > 0 such that U+ > § > 0 on
an open set G C Q.. Since w, > 0 and U, < 0 as |z| = 1 and |z| = p., we conclude that
for any n € N|

nU, < w, on 0N,

and hence (w,—nU.)~ € H}(€.), see Remark 3.3. By the comparison principle of Corollary
3.14 we conclude that
nU, < w, in (..

Then w, > nd on G and since n € N can be taken arbitrary large, w, = +00 on G, which
is a contradiction. O

Remark 4.6. If U satisfies (4.5) then U & D{.(BY). Indeed, assume U € D{,(Bf). Then
Ev(U) = 0 by (4.2). But &/ (u) > 0 for any 0 # u € D{(BYf) since &y satisfies the
A—property, a contradiction.

Remark 4.7. Assume that U > 0 is a (sub)solution in |z| > 1 and there exists a superso-
lution w, > 0 such that

Then U is a large sub-solution at infinity.

Hint: Consider U, = U — cw, for a sufficiently large ¢ > 0.
Example 4.8 (—A in RY with N > 3). If —Aw > 0 in RV \ B; then

.. w(x) .
lllg‘n_glof PR > 0, l\lﬁl_)lglofw(x) < 00.
To see this, take u(z) = |z|" ™~ as a small solution, U(x) = 1 — |z|~V~?) as a large

solution for —A in RY \ B; and use Phragmén-Lindel6f principle for supersolutions. To
check that |z|~V=2) is a small solution, take w, = 1 as a reference supersolution in (4.1).

Example 4.9 (—A in R?). If —Aw >0 in RV \ B; then

liminfw(x) > 0, lim inf w(z)
|z| o0 z|—o00 log ||

< Q.

To see this, take u(x) = 1 as a small solution, U(z) = log |z| as a large solution for —A in
R?\ B; and use Phragmén-Lindelof principle for supersolutions. To check that 1 is a small
solution, take w, = log |z| as a reference supersolution in (4.1).

Example 4.10 (—A + 1 in R?). If —Aw +w > 0 in R\ B; then
w(z)

> 0, lim inf —~
|| —o00 &

|| ||

< 00
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To see this, take
€7|x‘ €|x|71 — elfl‘x'

NP U )= —771"—"—"—"
|z ||

u(zr) =

as a small and large solution for —A + 1 in R?\ By, respectively. Then use Phragmén-
Lindelof principle for supersolutions. To check that u is a small solution, take w, =1 as a
reference supersolution in (4.1).

Exercise 4.11. Show that if
—Aw A+ ——w >0 inRV\ B,

|z[?
o (N=2)?
and ¢ > —Cp 1= ——~, then
minf 2% <00 timinf 2% < o)
x| o0 |X|%- x| o0 |X| Ot

where o < avy are the two roots of the quadratic equation a(a + N — 2) + ¢ = 0.

Note that if ¢ > 0 then o, > 0 and U is growing at infinity, while if ¢ < 0 then o, < 0
and U is decaying at infinity.

5. HALF—SPACE ANSATZ

Consider the following singularly perturbed linear problem model in the half-space
—~Ah=0 inRY
(Aue) o O
’ h =0 on JRY \ {0},

where RY = {z € RY |21 > 0}. We are going to construct explicit solutions of (4,,.).
Let

h(x) = z5r”.
We compute
—Ah = —ala—1)z{ 7% = BB+ N — 2+ 20)afr" >
_ ( a(go;% 1) N ﬂ(ﬁ—i—NrQ 2~|—2a)) .
If a_ <« are as before the root of a(aw — 1) = p and
By = —(N —2) —2ay, f_=—(N—-2)—2a_,
then the functions
ho(z) =zt rP+, h_(x) = x$rP-,

are explicit solutions of the equation (4, ),
~Ah—Lh=0 mRY
X1

Observe that these functions are distinct if and only if oy # a_ or equivalently p < i.
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We shall also need solutions of (A, ) with the same properties as hy on the boundary,
especially when we are dealing with the case p=1/4 . Let 1 _ < 1 4 be the roots of

BB+ N —2+2ay) =c¢,

or equivalently, of

(5.1) B(B+N—-1£4/1-4u) =c.
Then any of the four functions
hy(x) = altrPer h_(z) = x5t rPe-,
H (z) = a5 P+, H_(z) = 2y P,

give a solution to (A4,.).

Remark 5.1. Although we are interested only in € > 0, note that for a given p < 1/4
solutions h, and h_ can be constructed for any

S <N—1+ 1 )2
ez —\—5—+\/7— .
> 9 1 H

Via the AAP principle this leads to the family of Hardy type inequalities

2
®? N -1 1 ?

/’V¢|22M/ — T T+ 1 H T

RY RY T1 RY |z

+

Interestingly, solutions H, and H_ are defined only for smaller range

S (N—l 1 )2
6 — —_— _— —
— 2 4 /’L Y

and the latter constant vanishes if y = —}lN (N —2). Y. Pinchover pointed out that the
constant is optimal. He refers to the arguments in the recent paper [21].

Lemma 5.2. (MINIMAL POSITIVE SOLUTION LEMMA) Let u < 1/4. Then the problem
(5.2) L,hr =0 inRY N Bg(0), hr =27~ onRY N Sk(0)
admits a positive solution such that for x € RY N Bp/2(0) it holds

h
(5.3) lim sup Rogf) < 0
xr1—0 ajl

Proof. Let ¢ : [0, R] — R be a smooth function such that ¢ (R) =1, 0 < ¢(r) < 1 and
¥(r) =0 for r < R/2. Set
N 1420

F@) = Lu(af v) = af (- o = ——=y).
Clearly f € L'(RY N Bg(0), 27 dz) and f(z) = 0 in RY N Bg/s(0). Then the problem
Ly=—f imRYNBg(0), n=0 ond(RYNSk©0))
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admits a solution 7 such that for € RY N Bg/»(0) it holds

lim sup 77(5;) < 00.
z1—0 Xy
Then clearly
hr=21"% +n
is the required solution of (5.2). O

We establish a version of the Phragmen—Lindelof type comparison principle for sub-
harmonics of L,, which shows that sub-harmonics either have a “strong” singularity at the
origin or have a “minimal” decay at the origin. See [1, pp. 93-106] for a classical reference
to the Phragmen—Lindelof principle.

Lemma 5.3. (PHRAGMEN-LINDELOF TYPE ESTIMATE) Let u < 1/4. Let h be an L,~
sub-harmonic in RY N Br(0), for some R > 0. Assume that z € RY N Br(0) and

(5.4) lim hz)

a_ a =
@1—0 1] +x] ’x‘*(N*QJr?a-s-)

Then for x € RY N B/ (0) it holds

h
(5.5) lim sup (Oi) < 0.
z1—0 ml

Proof. Without loss of generality we may assume that A is continuous on Rﬂ\r’ N Br(0). Let
hr > 0 be the minimal positive solution of (5.2), as constructed in Lemma 5.2. Note that

hr(z) < cxf*  in RY N Bpr/(0).
For 7 > 0, define a comparison function
hy i=h—hg — 7 (20" + 27" [z~ 72F20)),

Clearly, h, is L,—sub-harmonic in RY N Bg(0).

For every 7 > 0, (5.4) combined with the construction of hg implies that A, < 0 on a
neighbourhood of d(RY NBk(0)). Hence we can apply the classical comparison principle for
L, in a proper subdomain of RY NBg(0) and deduce that h, < 0 everywhere in RY N Bg(0).
By considering arbitrary small 7 > 0, we conclude that i < hp in RY N Bg(0). O

Further reading. For the development of the criticality theory beyond Agmon’s ideas in
[4,5] see e.g. [6-8]. Some Phragmén-Lindeldf type results in the context of linear elliptic
equations can be found in [1]. Powerful applications to the analysis of Hardy type inequal-
ities involving distance to the boundary are given in [9]. More recent developments of the
criticality theory presented e.g. in [15,21]. For an extension to p—Laplacian see [17]; to
local and nonlocal Dirichlet forms see [19,22]. This list is very far from being complete.
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6. A NONLINEAR LIOUVILLE THEOREM

We are going to use the AAP and Phragmén—Lindel6f principles developed in the pre-
vious section to study positive supersolutions of the semilinear elliptic equation

(6.1) —Au=u" in Q,

where Q is an exterior domain in R" such that RN\ B; € Q and 992 # (), and p € R is the
nonlinear exponent, which could take both positive and negative values.

() such that w? € L}, () and

A weak (super) solution to (6.1) is a function u € H} loc

loc

(6.2) /Vu-Vgodx (>) Z/upgpdx, V0 < e HNQ)NLE(Q).
Q Q

Note that if u > 0 is a weak supersolution to (6.1) then —Awu > 0 in €2, and hence u > 0
in 2. In what follows we often omit the weak and use simply (super) solution.

Theorem 6.1. Let N > 3. FEquation (6.1) admits a positive weak supersolution if and
N

only if p > ps == -

This theorem was proved by J. Serrin in the 70s for the radial functions, see the intro-
duction to [11] for the references and a general overview of nonlinear Liouville’s theorem.
The exponent pg is often known as the Serrin’s critical exponent. The idea to use the
AAP and Phragmén-Lindelof principles in the context of nonlinear Liouville’s theorems
goes back to [12] and was developed in [13,14,16, 18, 20].

Proof. Our proof of Theorem 6.1 will be split into nonexistence and existence part. In the
proof of nonexistence we will distinguish four separate cases: 1 < p < ps, p = ps, p = 1,
p < 1. The nonexistence in the superlinear case 1 < p < pg relies on the lower bound
in the Phragmén—Lindelof principle while the nonexistence in the sublinear case uses the
upper bound in the Phragmén—Lindelof principle.

Before we start the proof, we present two technical lemmas. The first one is a particular
case of the nonexistence counterpart of the AAP principle (Corollary 1.2).

Lemma 6.2. Assume that u > 0 satisfies
(6.3) —Au —clz| 7 u >0 (|z| > 1),

for some € >0 and ¢ > 0. Then u = 0.

Proof. Consider the quadratic form

2
E(u) ::/|Vg0|2dx—c/¢—2+dx (p € C(9).
Q o |z

Take p € C°(Q2) such that ¢ > 0,0 < ¢ <1 and ¢ =0 for |z| > 2 and |z| < 1. Then for
R > 1 the rescaling

vr(@) = (%) € CZ(Q)
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and by the change of variables we compute

E(pr) = RN? / V| de — cRN =¥ /
Q Q

as R — oco. By the AAP principle (Corollary 1.2) we conclude that u = 0. g

2
L4 dr — —o0
|z|2—< )

The second lemma is an an apriori lower bound on positive solutions of (6.1) in the
sublinear case. Note that the bound (6.3) depends on the value of p < 1.

Lemma 6.3. Let p <1, s € R and assume that u > 0 satisfies
—Au > |z|*u?  in Q.

Then

(6.4) w> |t (2| > 1).

Proof. The proof uses the AAP principle and weak Harnack’s inequality, see [14, Lemma
6.1]. O

Now we are in a position to prove Theorem 6.1. We will proceed case by case.

Nonexistence in the superlinear subcritical case 1 < p < pg. Assume that u > 0 is a super-
solution to (6.1). Then —Awu > 0 in Q and hence, as in Example 4.8 we conclude that for
some ¢ > 0,

(6.5) u>clz| N (2] > 1)

Consider the linearisation of (6.1),

(6.6) —Au+V(x)u>0 inQ,

where V (x) := uP~!. Since p > 1, using (6.5) we can estimate

(6.7) V(@) > eaa| "2 (o] > 1),

where ¢; = ¢?~! > 0. Note that if 1 < p < pg then

(6.8) —(N=2)(p—1) > -2.

Hence u > 0 satisfies

(6.9) —Au+c|z|Fu >0 (Jo| > 1),

for some € > 0. By Lemma 6.2, we conclude that u = 0. Il

Nonexistence in the critical case p = pg. In this case we have ¢ = 0 in (6.9) and the pre-
vious argument fails.* Instead, we will iterate the previous to improve the lower bound

(6.7).
Indeed, we may assume that 0 < ¢; < Cy and u > 0 satisfies
(6.10) —Au—cy|z|2u>0 (Jz] > 1).

Ut ey > Cp, the critical Hardy constant, we would conclude again by the AAP principle. However we
do not control the size of ¢; > 0 and in general, ¢; could be small.
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As in the Exercise 4.11 we conclude that for some ¢y > 0,
(6.11) u > colz|* (Jz] > 1),

where a_ > —(N — 2) is the smallest root of —a(a + N —2) = ¢;. Then u > 0 satisfies
the linearisation equation (6.6) and we can estimate

(6.12) V(x) > eslz|=PY (|z] > 1),

where ¢3 = ¢ ', Since p = pg and a_ > —(N — 2),

(6.13) a_(p—1)> -2

Hence u > 0 satisfies (6.9) with some ¢ > 0 and as before, by Lemma 6.2, we conclude
that u = 0. g

Nonezistence in the linear case p = 1. In this case the equation (6.1) is linear. We simply
note that there exists ¢ € C'°(€2) such that the corresponding quadratic form

El(w):/QIVgo\de—/Qﬁda:<O.

(This can be seen using the same family of test functions pg as in the proof of Lemma
6.2.) By the AAP principle (Corollary 1.2) we conclude that u = 0. O

Nonezistence in the sublinear case p < 1. Assume that u > 0 is a supersolution to (6.1).
Then —Awu > 0 in 2 and using the upper bound in Example 4.8 we conclude that

(6.14) lim inf u(z) < co.

|z|—00

But according to Lemma 6.3,

(6.15) w> T (|z] > 1).
Since p < 1 these two bounds are incompatible with each other and we conclude that
u = 0. U

Ezistence in the case p > pg. A direct computation shows that for every p > pg

u=cle[ 7T, &7 =2 ((N—2)p— N)

(p—1)2

is a solution of (6.1). O

Exercise 6.4. Modify the previous arguments to show that if N = 2 then equation (6.1)
has no positive weak supersolutions for any p € R.

Exercise 6.5. Let N > 2, ¢ > 0 and p € R. Show that the equation

c
—Au+-—u=u" in|z]>1
|z[?
admits a positive weak supersolution if and only if p & [1 — i, 1— O%], where a_ and o
are defined in Exercise 4.11.

SNote that cp <0forp <pgandc,=0if p=pg.
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Hint: Use small and large solutions constructed in Exercise 4.11. The nonexistence in the
lower critical case p =1 — % < 0 is difficult, see [14, Lemma 6.6]. All other regimes could

be studied similarly to the proof of Theorem 6.1.
Exercise 6.6. Let N > 3, s > —2 and p € R. Show that the equation

—Au = |z|*u’ in|z| > 1

N+s

admits a positive weak supersolution if and only if p > 5.

Hint: In the case p < 1 use (6.4).

Further reading. Similar methods based on the AAP and Phragmén—Lindeldf princi-
ples were used to prove Liouville’s theorems for divergence type semilinear equations in
conical domains [13], equations with Hardy type potentials in conical domains [14], quasi-
linear equations involving p-Laplacian [16], equations with Hardy type potentials involving
distance to the boundary of a bounded domain [18] and nonlocal Choquard’s equations
20].

APPENDIX A: RIESZ POTENTIALS ESTIMATES

Here we present several estimates on the Riesz potentials of a reasonably fast decaying
function that are fundamental in the applications.

Lemma 6.7. Let 0 < o < N and 0 < f € LY((1 + |z))* Ndz,RN). Let 0 # z € RY
and decompose RY as the union of A= {y & B : |y| < |z|}, B={y: |y — x| < |z|/2},
C={y¢ B:|yl >|z|}. Then

() Jaf(y)dy / () / ()
6.16 / S gy LA T g d
R & EAE ArEr e A

v |z —y|Ne

Proof. We simply note that |x|/2 < |z —y| < 2|z| for all y € A, while |y|/3 < |z —y| < 2|y|
for all y € C. To see the latter note that |y — z| < |y| + |z| < 2Jy| and that 2|y — z| >
|z = |y| — |y — 2|, so that [y — x| = [y]/3. =

Exercise 6.8. Show that 0 < f € L*((1 + |#)* Vdz, RY) is necessary and sufficient for

the Riesz potential
/ f (yav_ dy
Ry T —y|Ne

Hint. Use Fubini to control the integral over B in (6.16).
Lemma 6.9. Let 0 < a < N and 0 < f € L*(RY). Assume that

(6.17) lim f|y|§‘x| f(y)|y| dy _ 0

to be finite a.e. in RV,

)
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(6.18) / % dy = ofja|"N-).

y-al<ial/2 [T~ Y
Then as |x| — oo,

(6.19) /R ) —dy = ”H]UL; - 0(|:U|_(N_°‘)).

N |£B—y|N a

Note that f € L'(R") alone is not sufficient to obtain (6.19) even if f is radially
symmetric, see [24].

Proof. Fix 0 # x € RY and decompose RY as the union of B = {y : |y — z| < |z|/2},
A={y¢B:lyl <]}, C={y & B: [yl > [x]}.
We want to estimate the quantity

/AUC f(y)<|m - ;IN—Q N |x|11V—a> dy‘ SR

Since |z|/2 < |z — y| < 2|z| for all y € A, by the Mean Value Theorem we have
1 1

o =y fafNe

where ¢; = (N — «)2V¥=L. Thus

[ 10 (s ) 9] < e [ Sl

On the other hand, since |z — y| > |z|/2 for all y € C' then
1 1
[N o =y [N

from which we compute that

1 1
o=y Jae

(6.20)

dy.

Cl|y| (y c A)

(6.21) < e

(6.22)

(6.23)

(y€0),

— |x|N—a

1
024 [0 (=g ~ ) ] < s [y
Then
i) Il
. /RNW@ e =

1
FWlyldy + / fy)dy
eI ROUL RS Arerrie LA G
The conclusion follows from (6.17), (6.18) and since f € L'(RY). O

Corollary 6.10. Let 0 < a < N and 0 < f € LYRY) be a radially symmetric function
that satisfies

(6.26) \lllm f(jz)]zN = 0.

If o <1 we additionally assume that f is monotone nonincreasing. Then (6.19) holds.
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Proof. Using (6.26) by I’'Hospital rule we conclude that

||

(6.27) /| Wy = [ <oz (il = o0),

so (6.17) holds.

For for |z| > 1 using radial estimates on the Riesz kernels in [25, Lemma 2.2] and (6.26)
we obtain
for a > 1:

3|z|/2
(6.28) / % dy S |$|a_1/ f(r)dr = o(|x|~N=9);

y—al<lal/2 [T —

for a = 1, additionally using monotonicity of f:

o)
(6.29) /| D dyN/| f( )logl—r/|x|d

y—al<lel2 1T —

z|/2
3lz|/2
< f(m/?)/ . 10g;d7":0(\x|7w71));
Jlel/2 1 —7/[z] )
—3log(3)[z]/2

for a < 1, additionally using monotonicity of f:

f() 2 ()
6.30 T gy < A VS
(6.30) /| y N/|

y—zl<jal2 [T — YN VP el
3|z|/2 1

S f(’$‘/2>//2 W(ﬁ'zo(‘x’*(]\f*a));

(.

~
=clz|*

so (6.18) holds. O

APPENDIX B: A BREZIS-BROWDER TYPE RESULT

By modifying the proof of Lemma 3.13, we can establish the following approximation
lemma, cf. [23, Theorem 3.4.1].

Lemma 6.11. Assume that &y satisfies the A—property and 0 < w € Di,(Q2). Then there
exists a sequence (wy,) € D{,(Q) N L>®(Q) such that:

(a) supp(w,) is compact in €;
(b) 0 < w, <w;
(¢) Ev(w —wy,) — 0 asn — co.
Proof. Let (¢,) C C°(Q) be an approximating sequence for w € D, (€). Set
wy, =@ Aw An.

Then (w,,) has all the required properties and (c¢) follows as in the proof of Lemma 3.13. [
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An important consequence of Lemma 6.11 is a Brezis—Browder type result, cf. [23,
Theorem 3.4.1] and a historical discussion in [23, p.82].

Theorem 6.12. Let T € D;;'(Q) N L} () and w € DL(Q). Assume
(6.31) T(x)w(z) >0 ae. in .
Then Tw € LY(Q) and

(6.32) (T, w) = / T(x)w(z)dz,
Q
where (-,-) denotes the duality between DY(Q) and Dy (Q).

Proof. Let (w,) be an approximating sequence for w, defined in Lemma 6.11. Since T" €
L} .(Q) and w, € LL(Q2), we know that

(T, wy,) :/QT<£L‘)U)n<£L‘)d£L‘.

By Lemma 6.11 (¢), (T, w,) — (T, w) as n — oo. On the other hand, T'(z)w,(x) > 0 a.e. in
Q and then by Fatou’s lemma Tw € L*(Q2). But we also know that T'(z)w,(z) < T(z)w(z)
a.e. in 2. Then

lim [ T(z)w,(x)dx = / T(x)w(x)dx,

by dominated convergence. U

Exercise 6.13. Show that (6.31) can be replaced by one of the weaker assumptions:

(6.33) T(x) >0 ae. in{,
(6.34) T(z)w(z) > —|f(x)] a.e. in Q,

for some f € LY(Q).
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